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We consider the effects of critical-layer nonlinearity on spatially growing oblique
instability waves on compressible shear layers between two parallel streams. The
analysis shows that mean temperature non-uniformities cause nonlinearity to occur
at much smaller amplitudes than it does when the flow is isothermal. The nonlinear
instability wave growth rate effects are described by an integro—differential equation
which bears some resemblance to the Landau equation in that it involves a cubic-
type nonlinearity. The numerical solutions to this equation are worked out and
discussed in some detail. We show that inviscid solutions always end in a singularity
at a finite downstream distance but that viscosity can eliminate this singularity for
certain parameter ranges.

1. Introduction

There has recently been a resurgence of interest in understanding the stability
characteristics of supersonic mixing layers (Papamoshou & Roshko 1986, 1988;
Jackson & Grosch 1988; Tam & Hu 1989). The primary motivation seems to come
from its potential application to the control of mixing in hypersonic propulsion
systems (Kumar, Bushnell & Hussaini 1987).

Harmonic excitation of free shear layers between parallel streams produces a
monochromatic spatially growing instability wave that is initially governed by linear
dynamics for sufficiently small excitation amplitudes. The excitation frequency is
usually chosen so that the initial instability wave growth rate is near the maximum
for the shear layer at the excitation position so that viscous shear layer spreading
produces a gradual reduction in the local growth rate even though the instability
wave amplitude continues to increase. Nonlinear effects can then become important
in a ‘critical layer’ at the transverse position where the mean flow and instability
wave phase velocities are equal (once the instability wave amplitude becomes
sufficiently large and its growth rate becomes sufficiently small). The unsteady
critical-layer flow is then governed by a nonlinear vorticity equation, while the
motion outside the critical layer remains essentially linear. The external instability
wave growth rate is, however, completely controlled by the nonlinear dynamics of
the critical layer.

Goldstein & Leib (1988) and Goldstein & Hultgren (1988) analysed this
phenomenon for an incompressible (and therefore subsonic) shear layer. They
consider only a two-dimensional flow, since the two-dimensional instability is the



74 M. E. Goldstein and S. J. Leib

most rapidly growing linear mode in that case. In this paper, we analyse the
corresponding problem for compressible shear layers in which oblique modes can
grow faster than the two-dimensional mode if the Mach number is sufficiently large
(Gropengeisser 1969). The analysis must therefore be extended to the three-
dimensional case. The calculated reduction in linear growth rates with increasing
Mach number (Gropengeisser 1969) suggests that nonlinear critical layer effects will
be correspondingly more important in supersonic flows. Goldstein & Leib (1988) and
Goldstein & Hultgren (1988) show that two-dimensional critical-layer nonlinearity
occurs at the downstream position where the deviation of the local thickness
Strouhal number, or normalized frequency, from its neutral value is 0(e?), where
e €1 is the small local instability wave amplitude. The latter analysis, which
includes viscous effects within the critical layer, shows that even very small viscosity
eventually causes the critical layer to evolve into a quasi-equilibrium critical layer
similar to the one originally considered by Benney & Bergeron (1969).

The present analysis shows that the critical-layer nonlinearity behaves quite
differently for non-isothermal flows — primarily because (as pointed out by Reshotko
1960) the temperature fluctuations have an algebraic singularity in the critical layer
and therefore become very large relative to the remaining velocity components in the
plane of the wave. This causes the critical-layer nonlinearity to occur at a much
smaller amplitude vis-a-vis the two-dimensional isothermal case. In fact, nonlinearity
now becomes important when the instability wave growth rate is O(¢¥). Hickernell
(1984), who considered temporally growing Rossby waves in the beta-plane
approximation, found a similar scaling for critical layers associated with certain
singular neutral modes.

This change in scaling relative to the two-dimensional isothermal case produces a
corresponding change in critical-layer structure. The critical-layer flow is now
governed by linear dynamics to lowest order of approximation, with nonlinearity
entering only through the higher-order (inhomogeneous) terms. The instability wave
growth rate is still completely controlled by the nonlinear terms, but can now be
calculated from an amplitude equation similar to the one found by Hickernell (1984)
for the Rossby wave singular modes —even though our critical-layer vorticity
distribution is quite different from his.

The amplitude equation can be normalized so that its solutions depend on two real
parameters, one of which is related to the scaled growth rate of the linear instability
wave entering the nonlinear region, while the other can be thought of as a normalized
temperature gradient. The resulting normalized equation still has to be solved
numerically. This is accomplished by using a fourth-order predictor-corrector
scheme to integrate in the downstream direction, starting from the upstream linear
state which is prescribed far upstream in the flow (relative to the streamwise
lengthscale of the nonlinear region).

The calculated instability wave amplitudes initially follow the prescribed linear
growth, but soon begins to either saturate or increase their rate of growth when the
nonlinear effects come into play. Cumulative history effects eventually counteract
these trends, causing a rapid increase in amplitude which ends in a singularity at a
finite downstream distance in the inviscid case. An equilibrium solution exists for
certain parameter ranges in the viscous case. We obtain asymptotic solutions (to the
amplitude equation) for each of these cases. The problem was rescaled in the
immediate vicinity of the singularity in the singular case in order to obtain the local
asymptotic solution, which suggests that the flow will become fully nonlinear
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everywhere in the shear layer and that the motion will then be governed by the full
three-dimensional Euler’s equations. This will be pursued in a forthcoming paper.

The overall plan of the paper is as follows. The problem is formulated in §2, where
we show how the nonlinear critical layer gradually evolves from the strictly linear
finite-growth-rate solution. A general compressible shear layer with arbitrary mean
temperature profile is considered, but we restrict the analysis of the unsteady flow to
the inviscid case. The flow outside the critical layer is a linear, unsteady three-
dimensional perturbation about the two-dimensional mean shear-layer flow, which
can be treated as locally parallel on the streamwise lengthscale over which the
nonlinear effects take place. The latter occur entirely within the critical layer to the
order of approximation of the analysis and determine the unknown amplitude
function in the external solution. The pressure fluctuation is taken as the basic
variable for the external flow, and the (linear) equation for this quantity is expressed
in terms of ‘Squire coordinates’ in the directions along and perpendicular to the
propagation direction of the wave, which causes it to be independent of its ‘spanwise’
transverse coordinate.

We introduce a ‘slowly varying’ amplitude function, which is ultimately
determined by the nonlinear flow in the critical layer, which we analyse in §3. Squire
coordinates are again used for the independent variables, but spanwise vorticity and
temperature are now used for the dependent variables.

The solution that matches onto the upstream linear solution and onto the linear
solution outside the critical layer is then found by sequential integration of the
resulting first-order partial differential equations. Matching with the linear external
instability wave leads to a Hickernell (1984)-type equation that determines the
amplitude of that wave. In §4 we obtain an asymptotic solution of this equation that
is valid in the vicinity of the singularity. Viscous effects are discussed in §5 where the
viscous amplitude evolution equation is derived and an asymptotic solution to the
latter is obtained. A discussion of the numerical solutions to these equations and
comparison with the asymptotic solutions is given in §6.

2. Formulation and solution outside the critical layer

We are concerned with a nearly inviscid compressible shear flow of an ideal gas
between two parallel streams with nominally uniform temperatures TV, T® and
velocities U® > U®. The upstream flow consists of an oblique (i.e. three-
dimensional) spatially growing (i.e. time harmonic) instability wave on the steady
two-dimensional shear layer that forms between the two streams.

The flow parameters in the high-speed stream are used as reference quantities and
are generally denoted by the superscript 1. The reference length, say 4, is taken to
be some suitable thickness of the mean shear layer (e.g. momentum thickness). Then
the steady flow is characterized by the Mach number

M= U®/0W 2.1)
and Reynolds number Re = UM /v™), (2.2)
where C® = (kRTV): (2.3)

is the speed of sound in the high speed stream, v is the kinematic viscosity, k is the
isentropic exponent of the gas, and £ is the gas constant.
We suppose that Re is large enough that the mean pressure is constant across the
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shear layer and that the mean flow is nearly parallel over many wavelengths of the
linear instability wave.
Then the local mean density K, and mean temperature 7} are related by

R, T, =1, (2.4)

and for purposes of our analysis T;(y) can be thought of as a given (regular) function
of y (see equation (2.17) below). When nonlinear effects do not first intervene, the
gradual viscous spreading of the mean shear layer causes the spatial growth rate of
the linear instability wave to gradually decrease (Crighton & Gaster 1976) until it
approaches its neutral stability condition (i.e. point of zero growth), whose Strouhal
number (i.e. frequency normalized by 4¢/U®) and streamwise and spanwise
wavenumbers we denote by S, «,, and f, respectively.

Nonlinear effects will first become important at the streamwise position (upstream
of the linear neutral stability point) where the local Strouhal number S is

S =8, +€8,. (2.5)

Here S, < 0 is assumed to be O(1), and e denotes the characteristic amplitude of the
instability wave in this region. The instability wave growth rate, which is also O(eb),
is then completely determined by nonlinear critical-layer effects. Finally, we require
that the origin of the spatial coordinates z, y, z, (with x in the streamwise and z in the
spanwise directions) be located within this nonlinear region.

There are at least two reasonable ways of choosing the spanwise wavenumber of
the upstream linear instability wave. It is sometimes assumed to be real in strictly
linear analyses of spatially growing modes in order to represent waves with fixed (i.e.
steady) spanwise structure. However, this involves at least two modes with the samc
frequency and streamwise wavenumber but with equal and opposite spanwise
wavenumbers. While these waves can be treated independently in strictly linear
theories, they can interact nonlinearly in a nonlinear theory of the present type and
greatly complicate the analysis. It is, on the other hand, possible to generate
individual oblique modes that exhibit spatial growth along their propagation
directions and most of the linear analyses have been concerned with this case
(Gropengeisser 1969 ; Jackson & Grosch 1988, etc.). We therefore restrict the present
study to this case.

The pressure fluctuation of the upstream linear instability wave will then be of the
form ekM? cos 6 Re a' 1T, (y) (@658, -5, U,z

where f denotes the time,

Z = (al+ B2, (2.6)

and 6 = tan™! §y/a, (2.7
denotes the direction of propagation of this wave relative to the mean flow direction.
£=xcosf+2zsinf—U,cos bt (2.8)

is a coordinate in this direction in a reference frame moving downstream with the
neutral phase velocity U,cos6 = 8,/a, (2.9)
zZ, = eg(x cos@+zsinf) (2.10)

is a scaled coordinate in the propagation direction, and

1; =
1S, U R
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is a scaled complex wavenumber whose imaginary part is minus the growth rate of
the linear near neutral instability wave. I1,(y) is an appropriate solution of the
relevant Rayleigh’s equation (for the pressure), which can be taken as the neutral
solution to the required order of approximation. The complex constant a' is a
measure of the complex scaled amplitude of the wave.

It is convenient to work in the oblique moving coordinate system {£, y, %}, where

Z=—zsinf+zcosb. (2.11)

The velocity components {#,v,®} in these coordinates are related to the velocity
components {u, v, w} in the original {z,y, 2} coordinates by

# =wucosf+wsinfd—U,cosb, (2.12)
W= —wusinf+wcosb. (2.13)

The instability wave continues to behave linearly outside the critical layer and we
expect the solution to be of the form

@ = cos OU(y) + e Re F(y) AY(Z,) e+ e, + ..., (2.14)
v = —ea Reid(y) AN(Z,) &%+ edv, + ..., (2.15)
@ = —sin O[U,+ Uly) — U’ (y) Rei¥P(y) A'(F,) '] + ebiv, + ..., (2.16)
T = T)(y)+ e Re O(y) A1(%,) e+ 610, + ..., (2.17)
p = 1+ekM?cos 6 Re I(y) A1(Z,) e+ 6p, + ..., (2.18)
where U(y)+ U, is the mean flow velocity,
¢=E-8,¢ét/a, (2.19)

and A" is a function of the slow propagation direction variable Z,, which will
ultimately be determined by the nonlinear flow in the critical layer, but matching
with the upstream linear solution requires that it satisfy the upstream boundary

condition ‘o
At ~ ate 51Uk g9 F, > —00. (2.20)

The 0(€§) terms were introduced to account for higher harmonics generated within
the critical layer, but are independent of z and governed by linear dynamics outside
the layer. In fact, the entire solution (2.14)—(2.18) is independent of z and satisfies
linear equations to the indicated order.

The functions ¥, @, ¥, O and II of y, &, and ¢ are determined to the required level
of approximation by

EHU—c)*F = -T[&(U—c) I+ U'DII], (2.21)
&@(U—c)® = —T,DII, (2.22)
cos O U—c)O =T P+ (k—1)MPcos?O(U—c) T, I1, (2.23)
(U—c)zD(U’E’ 7 DIT— &[T, —M?cos®* (U —c)*] IT = 0, (2.24)
—c

& da4t
i =a+—— 2.25
where a a+iA* dz,’ ( )

T —
c = 6§(S1_Ucd_A_/_dx_l)’ (2.26)
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the primes denote differentiation with respect to the relevant arguments and we have

put 0
=3 (2.27)
It follows from (2.25) and (2.26) that F', @, ¥, @ and II expand like
F=F+6&F+.., H=I+ell+... (2.28)
etc. Substituting these into (2.21) to (2.25) we find that
LII, =0, (2.29)
2 t
iaUAYLIT, = 2U072<1—M mcosz 0>d% o,
T, dz,
d4art 1d, d _ UM?
—secﬁ(Uccosﬁd—a_:l—ISIA*)[ﬁ@ﬂ@—a2(1—3 T(" cos? 0)]171, (230)
T, U,
F, = ——(—]9(072H1+—U—H1), (2.31)
AT, U i dat II, 2F
F2ATF = — o|f 52 il 7 A TR bl LA | it S b §
& ] U [(a H3+UH3) cosﬁ(Uccosgdfl ISIA)(U+7}))
.,_dA4t U
and so forth, where
1d,_d 20°d 3k
L=——7T--—-"" " _1— ) .
Tdy 0dy U dy (1 ] cos 0) (2.33)

is the linear compressible Rayleigh operator.

Equations (2.29) and (2.30) must, in general, be solved numerically. Fortunately,
it turns out that it is only necessary to know the local behaviour of their solutions
at the critical layer where U(y) = 0. We shall use the subscript ¢ to denote quantities
at the critical level. Figures 20 and 21 of Jackson & Grosch (1988) show that the
mode with the largest maximum spatial growth rate (over all frequencies) is an
oblique wave. Their figure 5 shows that the neutral phase velocity of this mode is
subsonic relative to both streams when M is less than five, and therefore, according
to Lees & Lin (1946), has a critical level at one of the generalized inflection points,
where (U'/T) =0 or v

U, T

c

(2.34)

This remains true for Mach numbers up to about seven. Since real gas effects
probably become important at higher Mach numbers, we restrict the analysis to this
case and suppose that the critical level is at a generalized inflection point.

This, so called, ‘non-singular’ critical level, which we can always suppose to lie at
the origin y = 0, is then a regular singular point for the operator (2.33), and hence
(2.30) possesses two linearly independent homogeneous solutions that are com-
pletely non-singular. We denote them by IIV and II®, and it follows from general
Frobeneous theory (Goldstein & Braun 1973, pp. 176-187) that we can choose them
so that A0 = (e b a,yt+... (2.35)

and 0P =4 (2.36)
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as y >0, where

T// Uﬂ/ U// 2 M2U/2
= 152 [ — 12 _ ¢ 2
a, =& [7?: YA (U’) 3 T cos 8]. (2.37)
Then we can write U, U
= el fp 4 152 e j@
o= B o+ 35) 0] a9

where b, is a constant, which must be determined along with & by solving (2.29)
numerically and imposing proper boundary conditions at infinity (Gropengeisser
1969). It now follows from (2.31) that

TI/ U”/ M2Ul2 UI/
F=—|FX-L—g*— £ cos?l|y— - .

1 (T U, & T cos )y b1(1+Ugy)+ as y—>0 (2.39)
and similarly from appropriate equations obtained from (2.22) and (2.23) that

D, =1—by+... (2.40)

and (see Reshotko 1960)
O, =T,/(U,cosby)+... as y—>0. (2.41)

It follows from (2.33), (2.35), and (2.36) that there exists two continuous functions,
say IIp , and Il ,, which satisfy

L, , = g [%%+ v (M& cos 9)2] 1, (2.42)
0
2 2
and L, ,= n[l—iﬂ—l—%ﬁf] /U, (2.43)
0

but are, in general, unbounded at y = + 0. I, , will behave like
G téy+éyi+eytnlyl+é,y® as y—>0

and I, , will be regular there. The relevant solution to (2.30) must then be of the
form

2iU/ d4t ~ LU\ ~
¢ — hd 1) 4 152 t — ¢ 2)
I, = Tacoso(v cosf-— A is, 4 )[npﬁcz‘ln +1z (b2,1+2Ué)H‘ ]
_oizUedd' 7 teif , JTW + a2 b +1g’j O®| for y20, (2.44)
T, dfl P2 v22 2,2 2Uc ’

where bf,,ci, are real constants (even on the slow scale Z,;), which can only be
determined numerlcally It can be shown that ¢j , = ¢, , because the critical layer
cannot support an O(e¥) pressure discontinuity (see the streamwise critical- -layer
momentum equation below).

It now follows from (2.32) that

d4t
Fy; = e,(%,) +6,(%,)In |y|+2i&__b§:2
dz, ©

i2
&cosl

ddt
(U cos9d—~—18 A*)b ... as y—>=10. (2.45)
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3. The critical layer

Equation (2.41) clearly shows that the outer expansion (2.14)—(2.18) becomes
singular at the critical level. The equations therefore have to be rescaled in this
region in order to obtain the so-called critical layer solution. The thickness of the
linear, small-growth-rate critical layer is of the same order as the growth rate, i.e.
O(e?) in the present case. The appropriate scaled transverse coordinate in this region

is therefore Y =y/é 3.1)
Introducing this along with (2.19), (2.28), (2.38)—(2.41), and (2.45) into (2.14)—(2.18)
and re-expanding the result shows that
@ = U, cos Y +16iU7 cos OY* —e Re b, A' el
+ €& U Y3 cos 8+ bounded, Y-independent terms)
+ et ln e Re ey(T,) AT el 4 ¢b

(s 4 /2 4
x{Re[(UC T°+“2+M2TU cos?@—b U)YA*+el+e21nlY|

U/ T 1 U/

c c

d4t i2 d4t o
—_— U, 6——i8, 4 iag i .
+2ia az, bF,— Foos 0( cos az, i8, ) ] €'* 4+ harmonics + }, (3.2)

p=1+ekM?cosf Zf Re A'e'® 4 ¢¥(bounded Y-independent terms)+..., (3.3)

c

2 s T, 1
—_ /04 5 1t la: 51 ”
T=T,+eT,Y+¢€ 0o H_YReA +eiTi Y24 .. (3.4)
v =—ex Reidtel® 4 . (3.5)

This suggests that the critical-layer solution should expand like

@ = etU, cos OY +1eU% cos OV + e, + €biiy + €5y + ..., (3.6)
7= —eaReidte'® +eb, + 635, + €36, + ..., (3.7)
= —U,sin 6 — el sin Y + e¥ib, + b, + b, + ..., (3.8)
P = 1+€ep(§ F,) + Dy (L, F,) + 6P, + (3.9)
T=T+&T, Y+, + 6T, + el + ..., (3.10)

where we assume that the Inef terms have been incorporated into 4,, ete.
P, = cos OkM? T:ReA'r el#t (3.11)

and we have put ;

T =€, (3.12)

The 4, 7,, @,, etc. are functions of {, Y, and Z,, only. They are determined by the
inviscid momentum, energy and continuity equations which, when expressed in
terms of ¢, Y, and Z,, can be written as

_ 1 2 1
TD kM2p{p§+espfl’ng’0}v (3.13)
o Dp = e D = — (@4 5y T 3.14
p P —0T (@ + 0y +e7z,), (3.14)
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where we have put

a={u,v, i} (3.15)
~ (. eSS e 0 0
D=(u )ag +e(u+U cosﬁ)ail, (3.16)

and subscripts are used to denote partial derivatives with respect to the indicated
variables.

It is also convenient to work with the z-component vorticity equation, which can
be written as

— 1 - | R 2 2
DQ"QEDP = ~ ey T+ eTy) py — Ty (p + Pz )], (3.17)
1 o0 2 Q)
where Q= —gﬂy-f-eﬂ(&—f-eséi—l)v (3.18)

is the z-component of the vorticity.
Substituting the expansions (3.6)—(3.10) into these equations and using (2.34) we
find

@ﬁwﬂ+%ﬁ%m@=—%f§@ for n=1,23, (3.19)
PT = T,aGReidt e, (3.20)

PT =T ,aReid'e®, (3.21)

£Q,=0, (3.22)

£Q, = [Qly—2%cos ﬁoy]a*ReiA*eﬁf, (3.23)

UIII T//
U, T

[

PQ, =@,y aReid el — ( )Re(U cosfAL —iS, AT)e'®

0\ ~
irm” -~ s
-f—cosz?(zU,3 Y26§+ U, Y_azil) @, (3.24)

where we have put

- 0 , AW
£ =U, cos0azl (U cos 0Y——>5€ (3.25)
Q, =iy, (3.26)
~ . U/ - , U"I T//
Q, = qu—T:cos o1, —1U, (U’ —TZ) cos OY?, (3.27)

Qy = gy — @ ReA*e“g—%ﬁl—U’ cos 0&—(£—TT—°) Redtel®,  (3.28)

[

and used (3.21) to obtain (3.23) and (3.24) from the z-vorticity equation (3.17).
Comparing these with the inner expansions (3.2)—(3.5) of the outer solution shows

that .
T -0, (3.29)

and Q,~0 for n=1,23 as Y—>+oo. (3.30)
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In fact the entire inner solution will match onto the inner expansions of the outer
solution (3.2)—(3.5) (to the order of approximation of the analysis) if

i2
&co

Re[?io_LA;-](b;z—b;ﬂ) (U cos 04} —iS, A" (b;“l——bgl):le“’_‘g

= f Q,dY +zeroth and higher harmonics in %, (3.31)

This equation ultimately determines the outer instability amplitude A" and
consequently the growth rate of that wave, but it is first necessary to determine Qs
from (3.19)-(3.24), which can easily be done seriatim, since .¥ is a simple linear
operator (Stewartson 1978, 1981).

The relevant solution to (3.22) is the trivial solution

g,=0. (3.32)

It is convenient to work in terms of the following normalized variables:
z=-18,U.%,—%,, (3.33)

_ S,

n=—2a (Y U cos 0)/8 U, (3.34)
X =at—X,, (3.35)
A =424 e % /(U 8, U, (3.36)
Q™ = cos 6a2Q, /82U, UL, (3.37)

where the coordinate origin shifts Z, and X, are chosen so that
A~ et ag T>—0o0 (3.38)

(see (2.20)), and the real constant ¢, represents an, as yet, unspecified, initial phase
factor.
It is clear from (3.20)—(3.24) that 7@, Q@ and Q® are functions of the form

T, = Re T(z, ) e'%, (3.39)
Q® = Re[QP (T, 1)+ QP (x, ) ¥ ], (3.40)
Q¥ = Re[QP(z,7) ¥ + QP (T, 7) e¥¥]. (3.41)

Our interest here is primarily in the first harmonic, @® of @® since it will ultimately
determine the amplitude 4 when @® is substituted into (3.31). Substituting these
into (3.19)—(3.34) and integrating the equations sequentially between — oo and %, we
find that (Stewartson 1978, 1981)

v 'z
po = T UcS I e 1D 4(F)d7, (3.42)

2 cos Bx

and it is shown in the Appendix that the harmonic coefficients @, @ and @ are
given by (A 1)—(A 3). Integrating (A 3), we obtain

_i— 0 @ _ _L UIII T//
nJ‘_OO Ql dﬂ 2U/<Ur T

[
arT, z N . N
r (3 ~ (a2 AZAs
*or cosﬁSlﬁ f A@) A E+E—2) (F—F)*dFdE. (3.43)

)(IU U,cos0A,+i4)
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It is worth noting that the only non-zero contribution to this integral comes from the
interaction of the mean flow change with the first harmonic (the last term in (A 3)).
Then substituting (3.43) into (3.31) yields

z [z

%AjzA—éf f A@)AF) A*F +i—7) (7—5)2 dFd%, (3.44)
T.S,cos8|T, Uy 2i_, _

where yEa_U’TT—[T T —U(b;‘1 b“)] (3.45)
1_[8,T,&cost _ . ,

%=[71T? - (b§,2—62,2)+§1Uc]Uccosﬁ (3.46)

are complex constants.
Equation (3.44) is the final result. It determines the amplitude of the instability
wave.

4. Asymptotic solution of the amplitude equation

The principal result of this paper is given by (3.44) together with the upstream
boundary condition (3.49). The numerical solutions to this problem, which are
discussed in §6, appear to develop a singularity at a finite value of z, say Z,. In this
section we determine the asymptotic form of those solutions as #-> Z,. To this end we
substitute a

A=—F—, 4.1)
(x _x)('g'i'la')
where Z; and o are real constants and a is a complex constant, into the integral of
(3.44) and change the integration variables from # and & to (%,—%)/(%,—Z) and
(%,— %)/ (Z,— %) to show that

f f A@) A*G+i—5) (F—2dEde = — 4 Doy 4.2
- B (fs_f)%m’ , )
where [P —1)2 ([ dudv _
D(o) = L e f eI = 40) =340, (4.3)
Here o o
i bl e
’ , (1 —0)? {r+io v —r+ic|\ v
@ ___1 n . .
= 2 'n(—n:—*_(l)(_——J_I_To-)—[(l—T—lU)n_(l‘*'r_lo')n], (4.4)
n=1 2 n

where (a), denotes the generalized factorial function I'(@+n)/I'(a) in the usual
notation.

A, becomes large eompared with A as £—Z,, and the left-hand side of (3.44) is
balanced by the integral term on the right-hand side. Substituting (4.1) into the left-
hand side shows that the two terms will balance when o satisfies

Do)  —y

$+ioc  al%’

(4.5)

Figure 1 shows o as a function of arg (y/k) = arg[D/(3+i0)]. Figure 2 is a plot of
tyllal?/|&l = D/ (3 +i0)| as a function of arg (y/k).
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5. The viscous solution

The preceding analysis is easily extended to the viscous case where the scaled
viscous parameter A=1/Reé (5.1)

and the Prandtl number o, are both of order one. The flow outside the critical layer
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is only slightly affected by v1sc051ty and matchmg with the altered solution requires
that we replace the coefficient of € in (3.6) by LUZ(cos Y2442 cos?0%,/U,), and
allow #, and %, to depend on Z through the additional terms —2/\ U;sinfcos0z/U,
and —2A,U7sin*60z/U,, where
Ao = AT T,

and g = u(T) is the normalized viscosity.

The additional term At 3

€5

?a“Y/W_Y

will appear on the right-hand side of (3.13), the second member of (3.14) will be
replaced by

111 Aé O uT, Aét o |
———k_l[TDT T g (k— 1) MPu(@% +a2) |,

the operator (3.16) has th. additional term @0/0z, and the terms

-t vy ()
» [Mz(k l)ﬂ(uy"‘wy)"‘ay OTY

/\€5T 0? 0 0 1

PR [aY(T)]E)T"‘Q_Q A ke

will appear on the left-hand side of (3.17) to the required order of approximation.
For simplicity we suppose that the viscosity (7)) is given by Chapman’s law

uT) = CT,
where C' is Chapman’s constant, and consider only the case where
o, = 1. (5.2)
The analysis then proceeds as in §3 but the differential operator in (3.20)-(3.24) must
be replaced by - o2
£ -2

_ cpY®’
the additional terms

%[Ug cos 6T, + 2(M*(k—1) U2 —T, U’/ U,) cos 6 sin 61,y )
(4

appear on the right-hand side of (3.24) (after making use of the fact that (3.32) still
holds), @, is now defined by (3.28) plus

A xl 3T/ U// A U/ Uf” T//
U Mh—1)|=2eYe(Ye _Zc
S vare-n |G- T
and 7! is replaced by
T8 g gy e Lo
' U,cosf T.|

These equations, along with the corresponding equation for @, are easily solved
seriatim using the Fourier transform method of Hickernell (1984). Upon introducing
the Fourier transform pair

(oo} o0

fy =" emrman, Fop =g [ e pwa 53)

- —®
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(3.42) and (A 1) become

7o = —‘"fc(g 0S (F+k) H(— k) ™13 (5.4)
T1.3 z T2 F_ 5
and QY = ‘““gc kH(—k) e *'/3 f e WE-D 4(F+ k) A*(F)dZ (5.5)
c™1 -0

respectively, where H(k) is the Heaviside function H(k) = 1,0 for & 2 0 and
82, &t
(=8,U,)2Ucos6

X (5.6)

is a new scaled viscous parameter and {{® is given by a similar formula.
Using this new solution in (3.31) shows that the final equation (3.44) now
generalizes to

1d4 _ A_l J i r e ME-BY(3(2-E)—(z-D)1/3
B x A&)AX)A*¥F+F—7) (T—2)2dzdE.  (5.7)
The only new term in this generalized equation is the exponential factor whose

argument is always negative. This term is therefore memory destroying and becomes
very small as £— o0 unless £ & & = Z. It follows that

éAf»A —--—L;A]Al"’Q as E—> 0, (5.8)
K VAS
where Q=| e®@5d8 = 1@3rd), (5.9
0
and consequently that |42~ Re 'E A (5.10)
Re— ¢
Y
A" |k Imy
il b 5.11
and ImA—>7 Rex/y (5.11)
as ¥ o0, provided Reg > 0. (5.12)

Thus, unlike (3.44), the viscous amplitude equation admits an equilibrium solution.
Numerical computation must be used to determine whether the solution of (5.7) that
matches with the upstream linear solution goes to the asymptotic limit (4.1) or (5.10)
in any given case.

6. Numerical results and discussion

The relevant solutions to (3.44) and (3.38) involve the two complex parameters &
and y and the stlll unspecified initial phase factor ¢,. But introducing the rescaled
variables A/|y[*|7]? and |k Z—Z,, where Z, and @, are chosen so that

|—1x0+1¢0 ln |7|’ |k12 (61)

shows that these solutions can be completely characterized by the two imaginary
parameters In (X/|%]) and In (y/|y|), or equivalently by the arguments of & and y. The
real part of K is the scaled growth rate of the upstream linear instability wave in the



Nonlinear evolution of obliqgue waves on shear layers 87

30
25

20

argy =0
15 » gY

(%)

10+

argy = —in
I 1 |

-6 —4 -2 0 2 4 6

Fiaure 3. ReA'/A vs. T (argik = —1n).

-2F -argy =0

_10 { 1 i 1 |
-6 -4 -2 0 2 4

X
Fioure 4. Red’/A4 vs. T (argk = 0).

vicinity of its neutral stability point, and the imaginary part is the scaled deviation
of the wavenumber from its neutral value corresponding to the prescribed Strouhal-
number deviation S,.

Equation (3.44) was solved numerically by using a fourth-order predictor—
corrector scheme to advance the solution downstream from the prescribed upstream
linear state (3.38). The double integrals were computed by using the trapezoidal rule
with the upstream ‘tails’ evaluated analytically from the upstream linear solutions.
K and v must, in general, be found numerically by solving the homogeneous and
inhomogeneous Rayleigh’s equations (2.33), (2.42), and (2.43).

Figures 3-5 are plots of the instability wave growth rate |4|;/|4| for various values
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of argy and arg k. We only show results for —jn < argk < 0 because (3.44) implies
that A(z, &*, y*) = A*(%,K,y). Considerable care was taken to ensure that the
oscillations in figure 5 were not due to the numerics. The reason for this behaviour
is given below. Notice that the upstream linear growth rate is initially reduced
when —1in < arg(k/y) <in. This is because the nonlinear term behaves like
—|4|>A/(64yk?) for small |[4|, where &, = Re k. The effective growth rate is therefore
reduced by the factor

~ 4% cos (arg kK —arg y)/(64|y| K} cos (arg k).

But (except in the special caset argy = argk = 0) this trend is eventually reversed,
and the growth rate rapidly increases until the amplitude becomes singular at some
finite downstream distance for all values of arg (§/y).

This is shown somewhat better in figures 6-8, which are plots of the real part of
InA versus the scaled streamwise coordinate Z. Also shown in the figures are the
results computed from the asymptotic solution (4.1), with the singularity location z,
determined from the numerical solution. The latter solutions clearly approach the
asyptotic result as |£,—Z| becomes small Since (4.1) implies that the asymptotic
growth rate |4],/|A| behaves like (|4|/]a|) in the vicinity of the singularity, the initial
scaling, i.e. growth rate = O(ef), is unchanged by the singularity. This suggests that
the basic asymptotic structure of the critical layer will remain intact, and the present
solution will not break down until the amplitude |4| of the external instability wave
becomes order one. The flow will then be fully nonlinear and unsteady in the main
part of the shear layer, i.e. it will be governed by the full Euler’s equations there.

Equations (2.10), (2.14), (2.19), (3.33), (3.45), and (4.1) show that this occurs when

r—z, = O(1), (6.2)
. z+7,
where Ty = -—%e%Sl Us cos 6 (6.3)

+ The exceptional case cannot occur for any physically realizable flow and will not be considered
further.
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is the singularity location in the unscaled streamwise coordinates. The fully nonlinear
region therefore has a streamwise lengthscale on the order of the shear layer width.

Figures 6-8 show that the instability wave amplitude undergoes successive
oscillations upstream of the singularity for certain combinations of arg ¥ and argy.
Similar behaviour was observed in the two dimensional analysis of Goldstein & Leib
(1988) and in the calculations of Benney & Maslowe (1975), Huerre (1977), and Miura
& Sato (1978). The amplitude oscillations imply periodic reversal of energy transfer
between the fluctuations and the mean flow, and possibly between the fluctuations
themselves. By considering the Reynolds-stress changes that occur with nutating
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computed from (4.1).

elliptic vortices, Browand & Ho (1983) came up with a simple kinematic explanation
for this phenomenon. The reader is referred to Ho & Huerre (1984, p. 410) for details.

It is also worth noting that the asymptotic instability wave amplitude is uniquely
determined by the asymptotic solution and is therefore independent of the upstream
conditions. Figures 9-11 show the wavelength reduction Im (4,/4) as a function of
the scaled streamwise coordinate . The dashed lines are the asymptotic results
computed from (4.1).

The numerical scheme used for the inviscid calculations was found to be
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Figure 11. ImA’/A vs. T (arg & = —§n). Dashed lines are asymptotic results
computed from (4.1).

inadequate for computing the amplitude function 4 over the long distances required
for certain viscous cases. To compute these cases we introduce

Ra

ol 31

{ = Xz—3)

7=z

Tr—

I

&

as new variables of integration in (5.7).

Figure 12 shows numerical solutions of (5.7) for a case when the inequality (5.12) is
violated. The effects of increasing the viscous parameter A is to keep the growth of
the instability wave linear over a longer distance and delay the explosive growth

4 FLM 207
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FicUrE 12. Ln|d| vs. T (argk = —n, argy =, 1 =0, 1,2, 5,20, curves (a—e) respectively.)
Dashed lines are asymptotic results computed from (4.1).
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Figure 13. Lnld|vs. £ (arg® = —in, argy = —in, A = 0,1, 5, 20, curves (a—d ) respectively.) Dashed
lines show asymptotic results computed from (4.1), dotted lines show the finite-amplitude
equilibrium given by (5.10).

associated with the singularity. The asymptotic solution in the vicinity of the
singularity is still given by (4.1) for this case and is shown as the dashed curves in
figure 12. For this choice of arg& and argy the singularity can be delayed but not
eliminated for any finite value of A.

In figures 13 and 14 we show the numerical results for two cases when (5.12) is
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Dashed lines show asymptotic results computed from (4.1}, dotted lines show the finite-amplitude
equilibrium given by (5.10).

satisfied. For these cases it can be seen that the solution goes to the finite-amplitude
equilibrium solution given by (5.10) for sufficiently large A. The latter are shown
dotted on the figures. The minimum value of A for which this occurs is a function
of argk and argy. For smaller values of A the solution becomes singular and the
asymptotic solution is again given by (4.1) (shown dashed).

The two parameters & and y which appear in the amplitude evolution equations
(3.44) and (5.7) involve the constants by , —b; , and b] ,—b; , defined by (2.44). The
latter must be determined by numerical solution of the inhomogeneous Rayleigh
equations (2.42) and (2.43). This calculation was carried out for a few specific cases
and the corresponding values of & and y are presented in figure 15.

The mean velocity profile was taken to be a tanh one in the Howarth (1948)
coordinates with the mean temperature given in terms of the velocity by a relation
valid for o, = 1.

Figure 15 shows the real and imaginary parts of yaU, T, /(T 8, cos 6) and kU, cos 6
for the case when the lower stream is heated to twice the upper stream temperature
(T, = 2), and the angle of propagation of the instability wave is 60° over a range of
Mach numbers. At M = 2.5 the maximum linear growth rate occurs in the vicinity of
this value of 6 (Jackson & Grosch 1988, figure 20a). In addition the numerically
computed values of ¥ and y at this Mach number are within the range (5.12).
Therefore we expect that, for this set of physical parameters, the most rapidly
growing linear instability wave would eventually saturate and approach an
equilibrium condition due to nonlinear critical-layer effects when A is sufficiently
large.

The authors would like to thank Drs Lennart Hultgren, J. Gajjar, S. J. Cowley,
and S. W. Choi for their helpful comments on the manusecript and Dr 8. Khandelwal
for his help with the numerical calculations.
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Appendix

In this Appendix we determine the first-harmoniec component Q{ of @®.
Substituting (3.33), (3.37), (3.39) to (3.41) into (3.23) and integrating, we find that

(2) i&Té z ~ z —3 ('_= -~ g & X ~
( =_-2—T_S— A*(F) e~ 1D (F—F) A(x) dx dZ, (A1)
c™~1J - —®

where the asterisk denotes complex conjugates and

(2)=“£7L ~29z ? ) elr z 1E 4B (A Eqx
< 28,1, A@e el? A(Z) (£ —2) de di. (A 2)
1*ec —00

—a0
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Figure 15. (a) Real and (b) imaginary parts of yaU, T, /T, 8, cos@; (c) real and (d) imaginary parts
of kU, cos@; for T, = 2, 6 = 60°.

Finally, substituting (3.40), and (A 1) and (A 2) into (3.24) and integrating, we
obtain L (U T (%
QP = _-27;([]‘2 —?:) f_w e @D U, cos 0A; +1iA(£)] dE

+ ET:: ‘ e_i"(i_i)A*(f) 2 e““i"iA(f) eiqz’:
4iT, 8, cos0 | J_,,

—a0

z - ~ X = ~
xJ‘ e A (F—~F) (28— F—F) dEdFaz

X

'z
+2 f e 119 A(£)Re f

—0 -

A*(F) f e1é-D (F 52 A(F) dFdF d:i}.
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